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Abstract
By using bivariate quadratic splines on triangulated quadrangulations (or FVS triangulations), we construct a new
8-node quadrilateral element, which reproduces polynomials of degree 2, and possesses second-order completeness
inCartesian coordinates.The computation of derivatives, integrals and products of the element shape functions can be
simpliﬁed greatly by using their Bézier coefﬁcients on each triangle cell. Some appropriate examples are employed
to evaluate the performance of the proposed element. The numerical results show that the new spline element
is superior to the standard 8-node isoparametric element, and is comparable to some other 8-node quadrilateral
elements.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Splines are applied widely in the ﬁnite element method. In 1979, Shih [7] presented a ﬁnite element
method based on cubic B-spline to obtain an approximate solution for equilibrium problems of elastic
composite structures on regular regions. Shen and He [6] have reviewed the development of the spline
ﬁnite element method based on the variational principle, the theory of spline and the state space theory
in the past 20 years.
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For traditional ﬁnite elements, in general, the shape functions are sufﬁciently smooth within the interior
of elements while they satisfy some continuous conditions between elements. In fact, the continuous
conditions within the interior of elements can also be relaxed.
In view of splines, we treat the shape functions as splines satisfying certain continuous conditions
within the interior of the elements as well. By using bivariate quadratic splines on triangulated quad-
rangulations, we construct a new 8-node quadrilateral element, which reproduces polynomials of degree
2, and possesses second-order completeness in Cartesian coordinates. The computation of derivatives,
integrals and products of the element shape functions can be simpliﬁed greatly by using their Bézier
coefﬁcients on each triangle cell. Some appropriate examples are employed to evaluate the perfor-
mance of the proposed element. The numerical results show that the new spline element is superior
to the standard 8-node isoparametric element, and is comparable to some other 8-node quadrilateral
elements.
Besides, for a pyramid element in a 3D case, an element shape function in terms of polynomial, which
satisﬁes both compatibility and non-singularity conditions, has not been developed [5]. Similarly, a 13-
node pyramid element and a 21-node hexahedral element in 3D space can be developed by partitioning
the 3D elements into several tetrahedral elements with some continuous conditions. The element shape
functions are trivariate quadratic splines which reproduce trivariate polynomials of degree 2. Moreover,
they satisfy both compatibility and non-singularity conditions.
In this paper, we present only the 8-node quadrilateral element; other elements will be introduced in a
later paper. The paper is organized as follows: in Section 2, the properties of the quadratic spline space
and the 8-node quadrilateral element are discussed. In Section 3, we show that the computation of the new
spline element can be simpliﬁed greatly by using B-net representations. Finally, the potential accuracy
and versatility of the element have been illustrated by using three numerical examples.
2. The bivariate quadratic spline space S0,12 (Q) and the 8-node quadrilateral element
Suppose that ♦ is a non-degenerate convex quadrangulation of a polygonal domain  in R2. Let
Q be the triangulation of ♦ generated by adjoining both diagonals of each quadrangle, as shown
in Fig. 1.
Fig. 1. A triangulated quadrangulation.
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Fig. 2. A convex quadrangle.
Some algorithms for constructing quadrangulations associated with a given set of vertices have been
discussed in [1]. This triangulation is also called an FVS triangulation. Lai discussed the bivariate spline
spaces over such triangulations [4]. In those previousworks, the smoothness of the splineswere considered
as uniform. In this paper, we consider a bivariate quadratic spline space, denoted by S0,12 (Q), with
different smoothness on different grid segments.
We deﬁne a spline s ∈ S0,12 (Q) as a piecewise polynomial of degree 2 with the following two
continuous conditions:
(a) s is C0 continuous on the quadrilateral grid segments; and
(b) s is C1 continuous on the diagonal grid segments of each quadrangle.
Since the splines in S0,12 (Q) are C0 continuous on the quadrilateral grid segments, we need only
consider the restrictions on every quadrilateral element in Q.
For every convex quadrangle, denote the four vertices and four midpoints on each edge by A1, . . . , A8,
and denote the intersection of two diagonals A1A3 and A2A4 by A0, as shown in Fig. 2. Their Cartesian
coordinates are
A0 = (x0, y0), A1 = (x1, y1), A2 = (x2, y2), A3 = (x3, y3), A4 = (x4, y4),


































It is clear that the dimension of the quadratic spline space deﬁned on the quadrangle A1A2A3A4 with
C1 continuity on both diagonals A1A3 and A2A4 is 8.We construct 8-linear independent splines, denoted
by B1, . . . , B8, corresponding to the 8 nodes A1, . . . , A8, respectively. The 8-spline bases are represented
in B-net form, and their Bézier coefﬁcients on every triangular cell are shown in Fig. 3. Here, the Bézier
coefﬁcients which are not shown are zero.
C.-J. Li, R.-H. Wang / Journal of Computational and Applied Mathematics 195 (2006) 54–65 57
Fig. 3. The Bézier coefﬁcients of the 8-spline bases.
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where the coefﬁcients a, b, c, d are deﬁned by the following ratios:
a = |A0A2||A4A2|
, b = |A0A1||A3A1|
, c = 1 − a, d = 1 − b.
It is clear that the 8 splines are C1 continuous on A1A3 and A2A4. Since
cd + bc + ab + ad = 1,
the 8-spline bases satisfy the partition of unity.
Now we discuss the property of the 8-spline bases. Denote





f (x1, y1) = P1, f (x2, y2) = P2, f (x3, y3) = P3, f (x4, y4) = P4,
f (x5, y5) = 14(P1 + P2 + 2P5), f (x6, y6) = 14(P2 + P3 + 2P6),
f (x7, y7) = 14(P3 + P4 + 2P7), f (x8, y8) = 14(P4 + P1 + 2P8).
According to the above results, we can obtain another set of bases interpolating all points (xi, yi), i =
1, . . . , 8, by an invertible linear transformation as follows:
L1 = B1 − 12B5 − 12B8, L2 = B2 − 12B5 − 12B6,
L3 = B3 − 12B6 − 12B7, L4 = B4 − 12B7 − 12B8,
L5 = 2B5, L6 = 2B6, L7 = 2B7, L8 = 2B8.
Then
Li(xj , yj ) =
{
1, i = j,
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Fig. 4. The supports of the spline bases in S0,12 (Q).
it has the following interpolation property:
s(xi, yi) = Pi, i = 1, 2, . . . , 8. (5)
Furthermore, the interpolation operator constructed by {Li(x, y)} can reproduce polynomials of degree
2. It is easy to verify the following theorem.
Theorem 2.1. Let D be the quadrilateral domain A1A2A3A4,
(Lf )(x, y) :=
8∑
i=1
f (xi, yi)Li(x, y). (6)
Then,
(Lf )(x, y) ≡ f (x, y), (x, y) ∈ D
for all f ∈ P2.
Now we come to the whole quadrangulation. Since the splines in S0,12 (Q) are C0 continuous on
the quadrilateral grid segments. As shown in Fig. 3, every spline base has the same Bézier coefﬁcient
on the intersection grid segments between two adjacent quadrilateral elements. So, the locally supported
spline bases of the space S0,12 (Q) can be obtained bymerging the corresponding elements on the adjacent
quadrangles. For a vertex of the quadrangulation, the support of the corresponding base is the star domain
composed of all quadrangles which share the vertex. For a midpoint of the quadrilateral edge, the support
of the corresponding base is the union of two adjacent quadrangles which share the edge. The two kinds
of supports are shown in Fig. 4.
The restrictions of the spline bases in S0,12 (Q) on every quadrangle are the corresponding 8 bases
shown in Fig. 3. They are linearly independent of the quadrilateral element, so they constitute the basis of
the space S0,12 (Q). Besides, the dimension of S
0,1
2 (Q) is the number of all vertices and midpoints of the
quadrangulation ♦. That is, dim S0,12 (Q)=V +E, where V and E are the numbers of vertices and edges
of ♦, respectively. Similarly, the interpolation operator constructed by them can reproduce polynomials
of degree 2 on the whole domain .
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3. The applications of the 8-node quadrilateral element
3.1. Barycentric coordinates and B-net representations
As we know, a polynomial can be expressed in a linear combination of Bernstein polynomials over
an arbitrary triangle by using barycentric coordinates and the B-net method [3]. We will see that the
computation of the element shape functions {Li(x, y)} can be simpliﬁed greatly by transforming the
derivatives, integrals and products of polynomials to simple computations on vectors and matrices which
are composed of the corresponding Bézier coefﬁcients.
As shown in Fig. 5, let P denote an arbitrary point in the triangle P1P2P3, and let their Cartesian
coordinates be P1 = (x1, y1), P2 = (x2, y2), P3 = (x3, y3), and P = (x, y). Suppose that the areas of

































(ai + bix + ciy), i = 1, 2, 3. (7)















∣∣∣∣= 12A . (8)
Fig. 5. Barycentric coordinates.
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The Bernstein polynomials of degree n over the triangle P1P2P3 are deﬁned by








3, i + j + k = n,
1, 2, 30, 1 + 2 + 3 = 1. (9)






can be expressed in the B-net form as






where bi,j,k are the corresponding Bézier coefﬁcients.
The partial derivatives of p(x, y) with respect to Cartesian coordinates x and y can be transformed into





























Since the derivatives of the Bernstein polynomials of degree n are Bernstein polynomials of degree
n − 1 multiplied by n,

1
Bni,j,k(1, 2, 3) =
n!






3 = nBn−1i−1,j,k(1, 2, 3), (12)

2








3 = nBn−1i,j−1,k(1, 2, 3), (13)

3
Bni,j,k(1, 2, 3) =
n!






3 = nBn−1i,j,k−1(1, 2, 3), (14)
therefore, all Bézier coefﬁcients of derivatives can be simply obtained from the originalBézier coefﬁcients.
For example, a polynomial f of degree 2 is expressed in the B-net form as
f = d121 + 2d212 + 2d313 + d422 + 2d523 + d623.
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Its partial derivatives are
f
1
= 2(d11 + d22 + d33),
f
2
= 2(d21 + d42 + d53),
f
3
= 2(d31 + d52 + d63).
Denote by a row vector d = (d1, d2, d3, d4, d5, d6) the Bézier coefﬁcients of f, and denote by Bn the
Bernstein polynomials of degree n, such as,
B2 = (B22,0,0, B21,1,0, B21,0,1, B20,2,0, B20,1,1, B20,0,2)T,
B1 = (1, 2, 3)T.
Then
f = d · B2.
Let e1 = (1, 0, 0)T, e2 = (0, 1, 0)T, e3 = (0, 0, 1)T, o = (0, 0, 0)T, then
f
1
= 2d · (e1, e2, e3, o, o, o)T · B1,
f
2
= 2d · (o, e1, o, e2, e3, o)T · B1,
f
3
= 2d · (o, o, e1, o, e2, e3)T · B1.
This means that the partial derivatives of f can be transformed into the products of its Bézier coefﬁcient
vector and some simple matrices.
Besides, the integrals can also be simpliﬁed greatly by using Bézier coefﬁcients. The integral formula









(i + j + k + 2)!2A. (15)
Therefore, the integrals of all Bernstein polynomials of degree n over the triangle element are equal.
∫ ∫
A
Bni,j,k(1, 2, 3) dA =
n!
(n + 2)!2A =
2A
(n + 1)(n + 2) , (16)
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Fig. 6. Patch test.
then ∫ ∫
A
f (1, 2, 3) dA = 2A




So, the integral of a polynomial of degree n over a triangle equals the sum of its Bézier coefﬁcients
multiplied by 2
(n+1)(n+2) times the area of the triangle. For example, the integral of the polynomial f of
degree 2 over the triangle A is A6
∑6
i=1di .
Similarly, the products of polynomials can also be transformed into the computation on the vectors
or matrices of their Bézier coefﬁcients, since the products of Bernstein polynomials are also Bernstein
polynomials of a higher degree.
3.2. Numerical examples
In this section, some appropriate examples of the plane problem of elasticity are employed to evaluate
the performance of the proposed element. The numerical results show that the new spline element, denoted
by L8, is superior to the standard 8-node isoparametric element Q8, and is comparable to some other
8-node quadrilateral elements AQ8-I and AQ8-II presented in [8].
Example 3.1. Patch test: A small patch is discretized into some arbitrary elements, as shown in Fig. 6.
By computation, the numerical results satisfy the given displacement ﬁelds:
u = x + 3y + 4,
v = 12x + 2y + 1.
(18)
This demonstrates that the new spline element L8 passes the patch test and is able to ensure convergence.
The strict proof of the convergence will be discussed in a later work.
Example 3.2. Sensitivity test for mesh distortion. The mesh is shown in Fig. 7, where e varies from 0
to 4.99. By computation, the L8 element is insensitive to mesh distortion. The numerical results always
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Fig. 7. Sensitivity test for mesh distortion.
Fig. 8. Linear-bending problem for a cantilever beam.
Fig. 9. Meshes for Example 3.3.
satisfy the following displacement ﬁelds:
u = 2x − 2xy,
v = x2 + 14y2 − 12y + 14 .
(19)
Theoretical analysis (by Theorem 2.1) and numerical results show that the L8 element has a second-
order completeness in Cartesian coordinates.
Example 3.3. Linear-bending problem for a cantilever beam (refer to Figs. 8 and 9.) The numerical
results of the deﬂection at a selected point are shown in Table 1.
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Table 1
The deﬂection at a selected location for the linear-bending problem of cantilever
Q8 AQ8-I AQ8-II L8 Exact solution
Mesh 1 v(100, 0) 3.85 3.85 3.85 3.79817 4.03
Mesh 2 v(100, 0) 0.74 3.15 3.15 3.17581 4.03
Mesh 3 v(100, 0) 2.00 3.30 3.30 3.58229 4.03
Mesh 4 v(100, 0) 3.65 3.99 3.99 3.91872 4.03
It is obvious that the L8 element performs better than the Q8 element when irregular meshes are used,
and it is comparable to the AQ8-I and AQ8-II elements.
Acknowledgements
The authors are grateful to Prof. Chen Wanji for providing a number of valuable comments and
suggestions on an earlier draft of the present paper.
References
[1] P. Bose, G. Tousaint, No quadrangulation is extremely odd, in: Algorithms and Computations, Lecture Notes in Computer
Science, vol. 1004, Springer, Berlin, 1995, pp. 372–381.
[2] M.A. Eisenberg, L.E. Malvern, On ﬁnite element integration in natural coordinates, Internat. J. Numer. Methods Eng. 7 (4)
(1973) 574–575.
[3] G. Farin, Triangular Bernstein–Bézier patches, Comput. Aided Geom. Design 3 (1986) 83–127.
[4] M.-J. Lai, Bivariate spline spaces on FVS-triangulations, in: C.K. Chui, L.L. Schumaker (Eds.), Approximation Theory
VIII, Academic Press, NewYork, 1995, pp. 309–316.
[5] S.H. Lo, Wanji Chen, High-performance 3D solid pyramid and hexahedral elements, Comput. Methods Appl. Mech. Eng.,
to appear.
[6] P. Shen, P. He, The developments of spline ﬁnite element method in computational mechanics, Adv. Mech. 30 (2) (2000)
191–199 (in Chinese).
[7] C.-T. Shih, (Shi Zhong-Ci), On spline ﬁnite element method, J. Comput. Math. 1 (1979) 50–72 (in Chinese).
[8] A.-K. Soh,Y. Long, S. Cen, Development of eight-node quadrilateral membrane elements using the area coordinates method,
Comput. Mech. 25 (2000) 376–384.
